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BRS formulation of conformal-gauge

two-dimensional quantum gravity )
coupled with D (#26 in general) massless scalar fields. |

Not intend to criticize non-field-
theoretical approaches to String
theory such as conformal field theory,
path-integral approach without ghosts,

etc. (Rather, those approaches are not equivalent to the

genuine field-theoretical formalism based on the
fundamental action involving ghosts.)

Conformal-gauge 2d QG reduces to a
free field theory if B-field ( srs aaughter of &7
antighost) 1S eliminated o pathintegratey at the
starting point. This fact is usually
discarded because it contradicts the

expectation from string theory (¢
Fujikawa, Kato-Ogawa).

Truth can be found by constructing
explicitly exact solution of the model
without eliminating B-field.



The problem is of very Deep level.

Basic aspects of operator-formalism
approach and path-integral approach
(= Feynman-diagrammatic approach)

Two essential differences:

@ Operator formalism consists of two steps; operator
algebra and its representation in terms of state vectors.
Path-integral approach directly gives the solution
without distinguishing operator level and representation
level.

(® Path integral can describe only the quantities which
are expressed in terms of 7™*-product, while operator
formalism can describe any kind of operator products.

T*-product is different
from T-product.

T*-product is defined by the prescription that all
differentiation should be made after taking T-product of
fundamental field operators. '

T*-product generally violates
field equations.

Hence Noether theorem no longer holds inside T*-product.
This violation of current conservation is often
misidentified with current anomaly.



Amount of field-equation violation in
path integral

From path-integral measure invariance under functional
translation of ¢:

( T*(5/59)S-F)
~i ( T*@/6p)F) = 0

@: generic field

S: action
F:.  arbitrary function of fields

Second term expresses the deviation from field equation
(6/6p)S=0.

Operator formalism derivation:. From the equivalence between the field
equation and the Heisenberg equation, one has (6/6p)S =—4n +i[H, x].

Substituting it into ( T (6/8p)S-F) = 0 and pulling out &, outside T-
product, one encounters an equal-time commutator between 7 and F which
yields the second term

Thus as long as canonical conjugate, =, of ¢ exists, the

T*-product effect can be reproduced by operator
formalism.

The B-field of the model, however,
does not have its canonical conjugate.
Hence path integral can give a result
different from operator formalism.



How to construct the solution in the
operator-formalism approach

Given a system of field equations (6/0p4)S=0

and equal-time commutation relations
Rewriting field equations into commutator form

[(6/6p4(x)S, pp(¥)]=0,
one sets up g-number Cauchy problem for [¢ 4(x),o5(»)].

Solving it, one obtains an infinite-dimensional Lie
algebra for field operators. Then one constructs its matrix
representation by introducing state vectors. This is
realized by constructing a set of Wightman functions
(=vacuum expectation values of simple products) under certain
conditions characterizing the vacuum (= energy positivity and
generalized normal ordering).

Crucial mathematical point to be noted here is
This matrix algebra is required to be a

representation of Lie algebra of fields
but not of its universal en veloping
algebra defined by algebraic products
of fields.

Original field equations INAaYy not completely be satisfied
at representation level:

“field-equation anomaly”
Field-equation anomaly cannot be
described by path integral,



Conformal-gauge 2d QG in BRS
formalism

gravitational field g,,: gauge-fixed to pn,, , where p(x) >0

matter fields: D massless scalar fields ¢, (M = 0, 1, ... ,D—1).
Parametrizing g, by a traceless symmetric tensor 4*', one has an action
independent of p. FP-ghost c*is a vector, while B-field Z;,uv and FP-
antighost ¢,, are traceless symmetric tensors. But it is possible to rewrite

h*".b,, ,c,, into vector-like quantities h,,b*,c*.

With x* = (x° +x')/+2, the Lagrangian density is given by
£=[—%b"h —icTdc" +(+ & )]+ 0.4, 6"+ £,
with
£ =% ]2 0 ~i(GE - + 0T )+ A8y 0.8M])
+(+© -)+O(h)
O(h*): higher-order terms of A,
Field equations:
h, =0,
b*=%08 £,/6h,, = Ab*=0
oct =0, a4ec*=0,
8,0.¢,,=0

Any of b*,c*,z*,0.4,, is a function of x* alone.
This remarkable simplicity is valid

only in operator formalism, but 20TC

in path-integral formalism because of
the use of T*-product.



Exact SOhltiOIl in terms of Wightman functions

Nonvanishing truncated Wightman functions:
n-point functions consisting of
either  @,,, ¢y and n—2 B-fields

or Ci, ¢* and n—2 B-fields

Thus if B-field is not considered, the
solution is a free-field one.

Exact solution is completely consistent
with BRS invariance and FP-ghost
number conservation.

Subtlety arises for 5*=%6 £,/6 h,
It is slightly (i.e., modulo A4b*=0) violated at
representation level; that is,

it suffers from field-equation anomaly:

BH(xb*(x,)-% 6 £ ,16 h.(x,)])
=—2(D- 26)[5;1)(” (x, - xz)]2



Feynman-diagrammatic calculation

Results become very CraZy owing to T*-product’s
field- equation violation

@ In addition to (T*¢*(x))c*(x,)) and (T*g,(x,)d,(x,)) , there is a
nonvanishing 2-point function
(T*b*(x)h(x,)) =—2i6%(x, - x,)
in apparent contradiction with A =0

It induces many pathological effects which are absent in
operator formalism.
Feynman rules based on £ ; imply existence of one-loop

diagrams for n-point function consisting of B-fields only;
e.g.,
(T*B ()b * () =2D-26]2"Dpv-x)] ()
(T*B* ()b~ () =—%(D-2[*x-x,)] @
(*) shows BRS anomaly appears forD # 26.

@  T*-product does not respect the fact that any of
b*,c*,¢*,0.¢,, is a function of x* alone. Therefore, the

Green’s functions consisting of both + components and —

components can remain 12011 Vanjsbjng e.g., #) and
(T*c" (xb ™ (x,)E7 (%)) =- 26% (%, = x,)8 Dy (x, — X5)
Decoupling of right-moving and left-moving is

Ot realized in path integral !!

(® An infinite number of higher-order terms O(4#*) in

£, do contribute to the higher-point functions
containing more than one B-fields.



BRS Noether current

Jy=J+ (b %8 £,/8h)ct

with

Jit=-bc* +ictc*d.ct

If one defines BRS charge by using BRS Noether current,
one encounters anomaly for D=26. This is nothing but
the result found by Kato and Ogawa.

(Finiteness effect of string length can be taken into account without
bringing any essential change into the conclusion.)

But if BRS charge is defined by using 7)F, which, is
completely equal to j; at operator level, then there is

no anomaly even for D=26.

Thus violation of  BRS-charge
nilpotency for D #26, claimed by Kato

and Ogawa, is not an Iintrinsic
result but a consequence of

unconsciously taking in field-equation
anomaly.
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FP-ghost number Noether current

T -+ +
jr=—ictc
It conservation law follows from Ad.c¢* =0 and &e¢* =0.

The “anomaly” is implied by the Feynman-diagrammétic
result
(T*j. (x)% 6 £ ;16 h.(x,))
= =38, Dr(x; — x;) 'd_I—ZDF(xI —X,)

Its violation of conservation law is merely due
to the use of T*-product.

Indeed, without T*, D, is replaced by D™ in r.h.s., so
that conservation law of j' is perfectly all right.

Thus F'P-ghost number current anomaly
an 1llusion caused by T*-product.

(One might say that the existence of FP-ghost number
current anomaly is a consequence of Riemann-Roch
theorem. This assertion is wrong because this theorem
holds only in global sense; locally, only one additional
point to spacetime manifold can change the conclusion of
the theorem.)
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Conclusion

(D. Owing to the use of T*-product,
Feynman-diagrammatic or path-integral
calculation yields very crazy results in
BRS formulation of conformal-gauge
two-dimensional quantum gravity.

@ Kato-Ogawa’s violation of BRS-
charge nilpotency for D#26 is not an
intrinsic result. BRS invariance is not
violated for any value of D.

3@ FP-ghost number is conserved
completely; “FP-ghost number current
anomaly” is an illusion caused by T*-
product.

Similar misleading discussions are found concerning
Virasoro anomaly and gravitational anomaly in a book by
Green, Schwarz and Witten (“Superstring Theory: 1" pp.141-142
and pp.145-146).
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Feynman propagator
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= (=11, ~m720,0,) A (x - y;m?)
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R, —¥ T Feynman propagator
K-1. Aoki et al., PTP Suppl. No. 73(1982)
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T*-PRODUCT AND FALSE NON-CONSERVATION OF

ANGULAR MOMENTUM IN THE PION DECAY

NOBORU NAKANISHI*
12-20 Asahigaoka-cho, Hirakata 673-0026, Japan

In the framework of the intermediate vector boson theory, developed in the early 1960,
T*-product induces false non-conservation of angular momentum in the o put
decay. It is pointed out that if correctly formulated, the pion cannot decay. It is clarified
how this trouble is resolved in the electroweak theory. In this consideration, some

unexpected facts are found.

According to the intermediate vector boson theory, a charged pion (x)
decays into a muon (z) and a neutrino (v) ‘fhrough a vector boson (W)
intermediate state: |

7—>N+N (or g+7) >W > u+wv.
Since the spins (;f 7 and Wis 0 and l,brespec;tively, this process does not
conserve thé angular momentum at the rest framé of 7. Nevertheléss, if one
calculates the decay amplitude of this» process by means of the covariant
perturbation theory, one obtains a non -vanisbjﬂglresult. This is not anomaly.
The reason for this false non'conservatioﬁ is the use of T*-product in
perturb’ation theory, which does not generally resﬁect Noether theorem.

As is well known (to old physicists but. not necessarily to younger



people!), one encounters T*-product when T-product in the Hamiltonian
formalism is rewritten into the Lagrangian forxilé]ism.lbWhile the T-product
quantities are not necessarily covariant, the T’f'product ones are always
covariant. The price paid for this is the fact thsd; the T*-product quantities
generally violate field equations ahd, therefore, Noether theorem. The
amount of the violation of field equations can be’ seen explicitly in terms of
the path-integral formula by using the mvariance of the functional measuré
under functional translation. The violating term cén be derived also from the
canonical operator formalism, provided that every fundamental field has its
own canonical conjugate. When this condition is.s.not satisfied, however, the
path-integral result, which reproduces the perturbative one, does not
necessarily coincide with the result of operator f;rmahsm., Then the concept
of T*-product cannot be defined separately from,» taking vacuum expectation
value, and therefore it may become inadequate té discuss physical contents
on the basis of path-integral formalism or covariant perturbation theory.
Detailed accounts and explicit examples of thé pathological phenomena
caused by T*-product are given in our récent papers.>®*

Traditionally, a massive Vectbr field is described by the Proéa formalism,
because it does not require the introduction of indefinite metric. Its

Lagrangian density is given by

L= —hF"F, + %sz”U# + eU{‘.j# + matter (D
with F,, =6,U,-8,U, and &*j,=0. From (1), the equation for the Proca

field U u 18



v 2 :
OU,-8,0°U, +m’U, =—¢j,. ()
Since m? %0, (2) yields
8"U, =0. 3

This equation should imply the absence of épm'O part.

Since (1) does not involve 8,U,, U, does not have its canonical
conjugate [It is expressed as U, =m™>(-8,7* —¢j,) from (2), where r*
denotes the canonical conjugate of U, .]. Hence, as noted above, we need

extreme care about T*-product.

The Féynman propagator is given by

OIT*U, U, 0 = (-1, ~m?0,8,)8pG=yim*). (@
Hence the commutativity between T* and 8, implies

(0] T* a# U#(x)U,,(y) [0) = im™28,8%(x—y) (5)
in contradiction with (8). This is the orig*iﬁ of the false non-conservation of
angular momentum. On the other hand, if T'pro-(.iuat is considered, we have

OITU,xU,») 00 = OIT*U,x)U,(») |0 - im?8,°5,°6" (x - y). (6)

From (6), using the non-commutativity between T and 9,, we can show that

O|Ta* U, (x)U, () Io} =0 . | (7

_in conformity with (3).
Three decades ago, the present author proposed a more satisfactory
formalism for the vector field, called the B-field formalism,56 which has a

smooth massless limit. Its Lagrangian density is given by



£ = —UF"F, +im’4"4, + Bo“4, + ed”j, + matter. (8)
We have 8“4,= 0 directly from (8). Since (8) involves 8,4, explicitly, 4,

has its canonical conjugate. Canonical quantizatibn requires the introduction
of indefinite metric, but the physical appearance of negative-norm states are
excluded by a subsidiary condition, as in QED. The Feynman propagator is

given by .
0 T* 4,(x)4, (J{) [0) = O0IT4,(x)4,(»0) 10
=(_;,W _},;-Za#a?,)AF(x—y;mz) + m?0,0,Dp(x-y). (9)
It is consistent with 8“4,= 0. Hence there;cises no false non-conservation

of angular momentum. Note that the asymptoﬁc field of A, is a linear

combination of a free Proca field and 9,8.

Now, we can construct a model of a (neutral) scalar meson ¢ such
that the meson either decays or does not decay according as one employs the

Proca formalism or the B-field formalism for the intermediate vector boson

W. Let the masses of yy, y; and ¢ be M,., M, and u, respectively,

where 2My > p>2M,. The interaction Lagrangian density is given by

L = e(Wyrwy +Wr v W, + 8‘71\1'/{1@ . (10)
Then, the decay amplitude of ¢ is non-vanishing @ if the free Lagrangian
density of Wis chc')sen to be the Proca one, Whiie it vanishes if the B-field
formalism is employed. Thus the choice of formalism changes the physical

contents of the theory. Which choice is right? The correct one is, of course, the



B-field formalism, because the Proca formalism contradicts the angular
momentum conser{ration law. Thus we should conclude that the intermediate
vector boson theory cannot explain the pion decay;

Then the following question naturally arises: Why can the actual
charged pion decay WI;ﬂIOUt violating the angu];r momentum conservation
Jlaw? The correct theory is, of courée, the electroweak theory, which is a
non-abelian gauge theory. Its B'ﬁeld quantizatién is carried out under the
BRS invariance.”® The vector bosons W acquire their mass by the Higgs
mechanism, which is realized by a complex scalalr field doublet having four
degrees of freedom; one of them is nothing but the Higgs ﬁeld,v while the
remaining three are the Nambu-Goldstone (NG) Bosons, which we denote by
% . (Note that the widespread catchphrase “Thé_" NG boson is eaten by the
gauge field to become its longitudinal componené’;; is quite misleading. In the
covariant formalism, the NG boson does survive but becomes unphysical by
the subsidiary condition.?8) The NG bosons x:'are massless and spinl/ess.
Our crucial observation is that the pion decays Zbrougb the NG boson:

n—>§+i—>;g—->,u+ V.
This process is, of course, consisten;c' with the angular-momentum

conservation law. Note that the asymptotic field of the gauge field is a linear

combination of a free Proca field, 8 4B #®mP and 0, yasymp,

Then the final questioﬂ is this: Does the decay amplitude calculated by
the above process coincide with the conventional one calculated on the basis
of the Proca formalism? The answer is “Yes” This is the specialty of the

gauge theory' The gauge-fixing plus FP-ghost term is BRS-exact, and any



physical amplitude does not depend on it. To see this more explicitly, we

quote the Feynman propagators of Wand x (in momentum space) obtained

in the R, -gauge:10

n ()t d for W, 11)
a K —am? +i0 | k2 —m? +i0 ’

________kz —a;z o for % 12
Here o is a parameter involved in thé' gauge fixing; for o« =0 these
propagators reproduce those of the B-field formalism, while for o —o they
tend to the Proca ones. The physical amplitucies are independent of «
because of the gauge independence of the physical S-matrix.
Our conélusions are as follows.
1. In order to avoid the false non-conservation of angular momentum, it is
necessary to employ the B-field formalism for. the vector bosén.
2. The pion decays not through the vector boson but t]zrougb the NG boson.
3. The NG boson of the electroweak théory is aﬁ elementary particle, which
decays into observable particles. Hence it provides an example of
conﬁnemeﬁt. This fact encourages the ‘colc‘).r confinement schemes b
proposed by Kugo and Ojima” and by Nishijima.ll
4. Historically, the intermediate vector boson 'theory was replaced by a
gauge theory because of renormalizability requirement. But the present

consideration indicates that this replacement was necessary even if

renormalizability was not required.
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Tlusory are the conventional anomalies in the

conformal-gauge two-dimensional quantum gravity *

Noboru Nakanishi |

The exact solution in terms of Wightman functions is given to the BRS-formulated
conformal-gauge two-dimensional quantum gravity coupled with D massless scalar
fields. The solution is seen to be free of various anomalies. Its anomalous feature
'appéars only in the B-field equation. The nilpoténcy violation of the BRS charge for D+
26, found by Kato and Qgawa, is shown to have been caused by their elimination of
B-field. Covariant perturbation theory and path-intégral formalism aré shown to yield
various misleading results (e.g., FP-ghost number currént anomaly), owing to the fact
that thése approaches aré baséd on T*-product, which doés not genérally respéct field

equations and, therefore, Noether theorem.

-1 -
I discuss the BRS-formulated conformal-gauge two-dimensional
quantum gravity coupled with D (#26 in general) massless scalar fields.18
The purpose of my talk is to point out that the conventional belief on various
anomalies must be reconsidered. To avoid possible misunderstanding, I
stress here that I do not intend to critidzé non'ﬁeld'theore’tical approaches
to string theory such as conformal field theory, path-integral approach
without ghosts, etc. Rather, I wish to remark th;‘it those approaches are not
equivalent to the genuine field-theoretical formalism based on the BRS

invariance. | '
As is well known, the conformal-gauge two-dimensional quantum

gravity reduces to a free field theory if the B:-field (=BRS daughter of



FP-antighost) is eliminated (or path-integrated out) at the starting point.
Tlr;is fact is usually discarded because it contradicts the expectation from
string theory. Indeed, Fujikawa’s path-integral analysis ¢ and Kato and
Ogawa’s operator-theoretical analysis,? in s;vhlch also the B-field is
eliminated at a certain step, are (wishfully) believed to give the right answez.
It has never been discussed seriously the reasgﬁ why the reduction to the
free-field theory should be regarded as inadmissible. This point must be
clarified Jogically. The truth can be found by constructing explicitly the exact
solution to the model without eliminating the B-field.

— 9 —

Although what I discﬁés explicitly is a very particular model, the problem
itself is the one at very deep level. Hence I first discuss the basic aspects of
two fundamental approaches —— operator formalism approach and path
integral approach —— to quantum field theory in the general framework.
To be precise, I restrict my consideration to the pa.thr integral approach which
reproduces all the Green’s functions obtainable by Feynman diagrammatic
method. ;

There are two essential differences between these two approaches: The
operator formalism consists of two steps ——— operator algebra and its
representation in terms of state vectors. On the o£h9r hand, the path integral
approach directly gives the solution without separating operator level from
representation level. The important consequenéé of this difference will be
considered later. -

The other difference is that the path integréi based on the Lagrangian
density can describe only the quantities which, are expressed in terms of
T*-product, while operator formalism can deséfibe any kind pf operator
products. I emphasize that T*-product is different from T-product;

T*-product appears when T-product in the Hamiltonian formalism is



rewritten into the Lagrangian formalism. It is quite unfortunate that many
authors do not seriously take care of the distinction befwéen these two
notions. Because of non-commutativity betweeﬁ time differentiation and-
time-difference 6 -function, T'produéts are non-covariant in general. This
defect is remedied by introducing T*"'product,” which is defined by the
prescription that all differentiations should be made after taking T-product
of fundamental field operators. The cost paid ﬁor securing covariance is,
however, that T*product generally violates field equatiaﬁs; Hence the
Noether theorem no longer holds inside T*'produ;ét. This violation of current
conservation is often misidentified W_ltb current anomaly. A concrete example
will be given later. :

It is, of course, possible to evaluate the amount of the field-equation
violation in path integral. By using the fact that tile path integral measure is
invariant under any functional translation of a ﬁiéld, one obtains

(T*(5150)S:F) 4 i (T*(5/8p)F) = 0, o)
where @, § and F are a generic 'ﬁeld.(/‘z..(,x),“ the action integral and an
‘arbitrary function F (y,z, ...) of fields, respécti%zely The second term of (1)
expresses the deviation from the field equation (&/5p) S =0.

It is quite instructive to derive (1) by means of operator formalism. From

the equivalence between the field equation and __ﬂie Heisenberg equation, one

has

(8/89)S = —d,m + i[H,x]. ©)
Substituting (2) into |

(T(§/6p)S:F) = 0 (3)

and pulling out 9§, to the outside of.T-product, one encounters an
equal-time commutator between = and F, which yields the second term of
(1). Thus as long as the canonical conjugate, =, of ¢ exists, the T*:-product
effect can b_é reproduced by operator formalism. The B-field of the model

considered, however, does not have its canonical conjugate. Hence the path



integral approach may give results different from those of the operator

formalism approach.

- g —

Since it is not widely known how to construct the solution in the
operator formahsm approach,® I explain its outhne stressing its essential
points. Given a quantum field-theoretical action S one has a system of field
equations ( 6/8p, ) S = 0 and equal- tlme commutatlon (including
anti-commutation) relations by the standard procedure. Rewriting the field
equations into the form .

[(5/8p,(x)S, 9] = 0, @

one can set up a g-number Cauchy problem for unequal-time commutators
[p,(x), @z(»)]. Solving it, one obtains an infinite-dimensional (nonlinear)
Lie algebra of field operators. :
" Then one proceeds to constructing its matrix representation by
introducing state vectors. This is realized by constructing a complete set of
Wightman functions (=vacuum expectation Value'e of simple products) under
the vacuum-characterizing conditions (’—“energyiipositivity and generalized
normal product). The crucial mathematical point to be noted here is that
| singular products of field operators may :'«rlllot necessarily faithfully
represented (owing to the use of generalized normal product). It is therefore
possible, in principle, that one (or more) of the original field equations, if it is
nonlinear, is not completely satisfied at the representation level. If this
situation happens, I call it “field-equation anomal . Tts explicit examples
are found in various two-dimensional quantum gravity models.” It is
important to note that field-equation anomaly caﬂﬂot be described by path

integral.
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Now, I discuss the conformal-gauge two-dimensional quantum gravity in
the BRS formalism.! The gravitatidnal field g,, is gaugeﬁxed to pn,,,
where p(x)>0. The matter fields are D massless scalar fields ¢,, (M =0, 1,
..., D=1). Parametrizing g wv DBy a traceless symmetric tensor A", one
has an action independent of o . As is well knqwh, FP-ghost ¢” is a vector,
while B-field &, v and FP-antighost E#V are traceless symmetric tensors.

But it is possible to rewrite 4%, b w and T /”; -into vector-like quantities

With x* = (% +x!)/ N2 , the Lagrangian density is given by
¢ = [~%b*h, —ic*o_ct+ (+ ©—)1 + 0.4y, -0_¢" + 2., (&)
Lo = Bh,[—2i870,c"—i(0,5" -ct +0._8" ¢ )+ 0.4y, -0.4™]

+(+ &) + oY), (6)

where O(hz)k denotes higher-order terms of h, . Field equations are
h, =0, o D
b* = 28%,/8h, , (®)
8;¢t = 0, 8,8t = 0, | ()
5,04, 0. (10)

Here O(h*) does not contribute to the x.h.s. of = (8) because A, =0 from (7),
and also the terms involving 8:¢* in (6) do not contribute to it because of (9).
Furthermore, differentiating (8), one finds N
2% = 03 | N (€h))

therefore any of b, ¢*, ¢*, 0,4, isa function of x* alone. It should be
emphasized that this remarkable simplicity i.é ‘Va]jd only in the operator
fbrma]j,ém, but not in the path integral formalism because of the use of
T*-product in the latter as pointed out above.

According to the prescription stated above, it.is possible to construct the

exact solution in terms of Wightman functions explicitly. The nonvanishing

truncated Wightman functions are the n-point functions consisting of erther



by, 6y and n=2 B-fields or ¢*, ¢ and n=2 B-fields. Thus if
B-field is not considered at all, the solution is a free-field one. I emphasize
that the exact solution is completely consmtent W1th BRS invariance and
with FP- ghost number conservation. '

A subtlety arises, however, for the B-field equation (8): It is “slightly” [i.e.,
madulo .(11)] violated at the level of representéfion; that is, it suffers from
field-equation anomaly. Indeed, one obtains h

B (x)[6*(x,) =28 L,/ 8 hu(x,)D) = —2D—26) [afDGD (x, ~x2)]'2 (12)
in contradiction to (8) for D #26.

— 5 —

When the same model is calculated by the. path integral or Feynman
diagrammatic method the results become very crazy 3 owing to the fact that
T*-product does not respect field equations. ‘

First, in addition to the natural ‘expx‘éssioné for the free propagators,

(T*c*(x)e*(x,)) and (T*g,, (xl)(éN(xz)) , there is a nonvanishing 2:poiqt
function
(T*B*(x)he (%)) = —2i8%(x, - x,), (13)
which arises from the second term of (1). Since it does not respect the field
equation (7), it induces many pathological effects, which are absent in the
operator formalism. :

Oswing to (13), Feynman diagrammatie calculation based on (6) implies
the existence of one-loop diagrams for the n-p:oint functions consisting of
B-fields only; for example, one finds ,

(T*5* (x)5* (1)) = 2(D—26)]p,? Dy (3 — %, )}z 14

F*E* ()b~ (1)) = —4D-D 520, -2 (15)
Since 5* is the BRS transform of 5; , (149 éh:ows that BRS anomaly
appears for 1) #26. | |

Second, as was already remarked, T*-product does not respect the fact



that any of 5%, ¢*, &%, 0,4, is a function of x* alone. Therefore, the
Green’s functions consisting of both +-components and —-components can
remain nonvanishing in contrast to Wightman functions. For exampls, otie
has (15) and | |
(T*c* (x)B ¥ (1,08 (%)) =—26%(%, —3,)0_Dp(x, = x3).  (16)

Thus the well-known decoupling of ﬁ;g‘rﬁtmi@r and lefi-mover is fot
realized in the path integral approach. Furthermoye, as is seen from (15), one
often ‘eﬁcouhters false ;diskerglen(ies, which i'elqi;ii‘_é the introduction of false

Thu'd m contrast to the operator formahsm an mﬁmte number of
haghef erder terms O(k?) in (6) do contribute to the higher-pemt funetions
containing more-than-one B- fields. Thus it becomes 1mp0881ble to write down

the solutwn completely.

— 5 -
The BRS Ndethernﬁcmi'»;ent is given by
G = ATHEE—28%,/6 h)ct (17)
with .
AT = —bict+ictet 6;0*, (18)

and the FP-ghost niimber Noether current is given by

joo = —icZct, : (19)
They are, of course, consefvéd Indeed, both BRS invérianbe and FP'ghoSt
number conservation exactly hold in the exact solutlon of the operator
solution.

However, if one defines the BRS charge by using the BRS Nostlier current
(17), which does not inirolve B:-field, one encountets andmaly for D #26.
This is nothing but the famous result found by Kato and QOgawa 5 (The
ﬁm.teness effect of string length can be taken into account without bringing
any essential changé into the conclusion.?). On the other hand, if the BRS



charge is defined by using jf given by (18), which, ewing to (8), is
completely equal to the Noether current j,* at the operator level then one
can show that there is no anomaly even for D %:2.6,. Thus the violation of the
nilpotency of the BRES charge, claimed by Kato and Ogawa, is not an intrinsic
result but a consequence of uncohsciously taking in field-equation anomaly.
As for the FP-ghost number current anomaly, I claim that it is nothing
more than an illusion caused by T*-product. Reiﬁ:e'mbﬁer that the well-known
“anomaly” is implied by the Feynman diagrammatic result:
(T* j,7 (%) 8,/ 8 hi(x;)) = —68.Dp(x; ~ xé') : aizDF (x; = x;). (20)
The non-conservation of jc7L is, however,:- : mérély due to the use of
T*-product. Indeed, without T*, D, is replaced by D™ in the rh.s. of (20),
and therefore, owing to 8:8,.D® =0, the conservation law @, j. +8_j. =0
is seen to be perfectly all right. | .

One might say that the non-existence of the FP-ghost number current
anomaly contradicts the Riemann-Roch theorem. This assertion is wrong
because this theorem is valid only for a .‘compact manifold and a
two-dimensional manifold having Lorentzian métric is ccmpactiﬁé’d into a
torus, W,h(;.sé. Euler characteristic x 1is zero. This fact is consistent with the

absence of anomély.
My conclusions are as follows.
() Owing to the use of T*product, the Feynman diagrammatic or path
integral approach yz’elds, very crazy results. in the BRS-formulated
conformal-gauge two-dimensional quantum gravity.

(2 The violation of the ailpotency of the BRS charge for D #26,

claimed by Kato and Ogawa, 1s not an intrinsic result. One can construct



another BRS charge nilpotent for any D, What is intrinsic to.the model is the

existence of the field-equation anomaly for the B-field equation.

(8) The EP-ghost number current is conserved perfectly; the “anomaly”
s ﬂot]zmg more tban an 1]]1151011 ca used by T* product

SlmJlar mlsleadmg dlscussmns are found concernmg Vlrasoro anomaly
and grawtatlonal anomaly in the hterature 9 Moreover I have recently noted ‘
that T*'product 1nduces false non- conservatlon of angular momentum in the
charged p10n decay, the p1on decays not tbroug]z tbe Vector boson w butk
t]zz'ougb t]ze Nambu-G'o]dstozze boson 10
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