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1 Introduction
¢ Non-commutative (NC) gauge theories

e The usual product is replaced with the (Groenewold-)Moyal
star product

fle)wate) = o (30°9508) sl (5,2}, =i
N o,booBE:ﬁmﬂiﬁ% (Non-locality)
© = Tt might improve the renormalizablity properties of a field the-
ory at mwoww distances. o
— UV/IR mixing gg_s%%@J@@@gm%@%?m@%@@
~ One-loop renormalizable E@@%@i@%@aﬁ&
— Unitarity [Gomis-Mehen]
— Inherent C and C'P violation [Fabba

= It smooths out any singularities in iclias al solutions of non-

commutative field theory.

— Existence of non-singular fnstantion, » memopole and

alrz, Gross, Bak et al.]

Nontrivial solitons ¢ % ¢ = ¢ [Clopakumar-Minwalla-

voltex solutions  [Nekrasow,

Strominger]
— Topology change _g\ y aniige tramsformations — Solution gen-
erafiing technique [Hliarvey]

mimitativity brings some montrivial consequences.




¢ Symmetries in non-commutative gauge theories

— Classical level —
) Am.ﬁm%.v Axial symmetry

e (Star-) Chiral gauge symmetry

s v »

7

— Quantum level — Anomalies occur in NC gauge theories

e Axial anomaly —— F. Ardalan & N. Sadooghi
Naive deformation of the ordinaly axial anomalies

e Chiral gauge anomaly —— J. M. Cracia-Bondia & C. P. Martin

More restrictive conditions for anomaly canocellation

o Anomalies and Schwinger terms —— J. Mickelsson et al.
A “local” anomaly formula expressing the BRST cocycles

o Dilatation (Weyl) symmetry
— Classical level — A. Gerhold et.al
Weyl symmetry is broken in NC (massless) ¢*-theory

S lo] = —owd™ W@%&E X0

How is the conformal anomaly deformed in NC gauge theories 7

The purpose of this talk

‘® Evaluation of the confformal amomaly in NC gauge theory by
tthe path integral methiod (Fujilkawa’s method).

liation of B-function firom the conformal anomaly in NC




§ 2. Noncommutative gauge theories
woorm«ossm tields and noncommutativity o p 4

I. The lowest Landau level \A..lm
£ - M ceinsepnd (LD

wi..o:m, 39@:&8 .Pm_m £ ~ eBx M,

> Py = .wm. ~ eBx constraint
AR

> mu? 1= - eB

noncommutative

._.rm Lagrangian is mx?mmmma_ with the
noncommutative = coordinates .

,, o o . { Seiber E.im 99 )
2. Strings in f@%?gsm_ B- fields gz e

L | dTdo.( S daX X"

—- Ami X’ mtsxmpv ®9X§®6X v

constant B-field
Constraint (at the end To_.5+.wv

m..h< A ®9Xc — @(?WX V
G
ld

= 0

O=0

S - nuuﬁoﬁ VN (Bg'B v\cc

7O\ e it N\ ‘ m MW
—(ama)* | —— .
n ) A 3+ 2m’B B .w,..pﬁo»\mv

Ill

0y, XUyl = — [ XMy XUty ) = 40%Y (%0)

nce of the WQD#@xcﬁ:ﬁ“ .T@& smoim to
atativity




The propagator
XMy XPUTh )

£y

= - X' GM[n(T-T)" + I.Wmﬁr,\m@ud\v

ver fex operator

The product of (tachyon)
(i%- X))

exp (AP-X)(T) - exp
| v exp Li(P+8)- X u (T

exp (iP-X) % exp (4% X)

I

Lok G = m%m.w..@%@mhme %QV@&L?W
— Moyal star product —

The eHective oaction is expressed in fterms
of the open string variables Guv and G

Effective action for gauge fields

i} @zmﬁ ,\m. m.:.nm.,\y _nl.\:c* T.ky

S =g @T)P2 G
,v >\$*><I.P<* b{n v

A . ‘N
Fow = By = OAL—il
— Noncommutodti ve gauge +T m‘o_«.v\

@&ppears ,GSW_,V\ in the Moyal star vwomcn._,.

e




Mo %8,,_; Star pro L:Q_.

| O.MWWMN Z=x'-iX

i

Fields on the noncommutative space O(X) qre
also operators

Weyl &m:sv (one fo one corresponding. )

O $) M%m £y eikx

()
Fio = | dx foo ek

._,rm _z.on_cﬂr of two operafors

Qm%uQﬁw; = Qm%%uu

28 (d*® &.,. 5 X X

mﬁﬁpwﬁfp +(R) %5,@ - € a
A\Y

o mm&mﬁn m\s %4,

L\ L — MY 4
& §x3 ™ exp A 6" 9 o v £ $@) Cax
— Moyal star m«dmc.ﬁ.w —

* - pr oduct s associative but noncommutative
,_ cator  Formalism N % - product formalism
CITSICIES R fx3 % 3xf

| m dx




Non - planar U,_.pm_\ps

The h«om:& of the 186 waves

P AR —Apxg _i(Pr8yx

ey e = @ e
Feynman rules Px8 =078 = - &P

‘ o4 , [
propagater -p —_—
¢ P*+m?

vertex P,

The ?Sfo« is not mm«§£§?o§ Symmetric but
IS o:_v\ C\n_,no,__x mv_\msi,@#ih

= The double line notatien s useful

One _oo_u wm?m energy m_m_@c rams

?9:9« %9@33 |

~iRxP hon- planar
diagram

Y- cutoff
Cmtin A

.v.
> nr”v +,
SJP
‘ VA + Polp PP =Pu 0707 P, 4,
non-planar %ﬁww«ézw are UV finite but

IR singularity = UV/IR Mixing
~ Minwalla, Raamsdonk & Seiberg (1939




2-5
Noncommutative QED

S = w %i..mm oo % Fay +AP 0% —mExy
\@.ﬁv}m\ . w\kmm\cr;%\ - xw,.}x»*)*\
9 = QA - A Au-i8( Aur AL - A A, )

gauge Symmetry
Y = 18 XAxY  8A, = Jul +4d (N Audy

The action is invariant @rrr@ﬁwwf ?m rpmgsméz
i$ not invariont

( ™ <« m%ﬂ )

-

-

Feynman rules

PR .“v\»(
M Dy (B) = - 2=
v Ds &2

A&mﬂ_ mm» %wv = - 28 (am)* %#.A.m.._.mpfmwv
hww vV "

;itﬂ i?&% “Ba), + (eyelie) ]

[ £ o sn(L#o.k>) )

B - function

me_.spc. QED

(22 _ 4 NC - QF
|5 - Ene) MC-QED

— Nonabelion - like —




Chern numbers in NC gauge theory

Axial 930%&% (in o«%.:_gv\ gauge +rmoJ\ )

k ._ . ,‘

4 H«L.mw«.o,_

The numbers of chiral states Chern numbers
_— Pﬁvﬁfsm,.:wmx _.Jn_mx ﬁrmcﬁmg _—

olution generafing +mors_wcm I_E\,\mv\ ( 2000)
Field mim:mi) in o_um_‘d._.ox formalism
F=5(C.Ta+1)  Cc=of+if6A

The oction
S = Am PF(®) Trn ﬁn z FF v
is invariont under the “gauge” transformation
O — ﬁ\ MS w n : | m = m [n+1><n | mr“.ﬂ% mewﬁﬂ.o*.

Ss =1 SS =1I-10%ol partial isometry

_ w+ r@35 _j_i,ivm« C @ =2)

‘ W._vam: =N (%0)

A,rw integer is connected with the frace of
some kind of }m projection operator |



2-"
Dilatation (Weyl) w< metry in MNC gauge +—>mo_Q
S.I. Kruglov (2001)

Di _om_.Q._.E { Wmv\_ ) transformation

Pix) — efP 4 (efx) D: (¢]=

= mmm = X T Dilatation current
iﬂ\&@ A,,mV\EEm.wf.ﬁv mﬁmq,mwaﬁﬁquﬁ&.ﬁﬁ tensoy

*',;@._.9._._9 ﬁ<<m%_v mv\sagm._._\vx
Qs =0 & Tu=

The energy -momentum tensor in (free) Moxwell theory

T = = Fuafu* + 5 8 FuaF”

T% = 0 = Dilatation invariant

@m_vmxn,;,s\,imj map Q_u o +rm .Tﬁm.m. order in Ouw
\r/\c, = \/\s - I..@oﬁ\v:xﬁmm} + _Hmhv

NC

,\, o X<<.®\~__ A_ .TT eo TV\
~

T = 2(&-BY(E-BY - 4(8-E)E-B) %0
0; = 7 €40 Bio=0

% The classical dilatation (or Conformal)
invariance  is  broken |



3 Anomalies in NC gauge theories

Axial anomaly in noncommutative QED
| F. Ardalan &

N. Sadooghi (2000)
o Axial curzent

te) >= 5dYa D (@5, 2) = a(y) = AL

rE | ” )

i) C P
In massless fermions, we have

O t(a,,2)

e
@.v aﬁ% ;@ i)z ipy g zf A v o g
=/ r) /@ © e?e (A" (p, q,0) + B™(p,q,0)]

A A\ 9 AW
AV = l%@@m MM%E%E\ N\v t&@ﬁ@@@

x \A%N TH @Q\f\mﬁé u T @ A mNWm%:

=0 ‘

#

\m

(1

2

= 0, < §{(z) >= %ﬁm\g@? z) * F3)(z) .

e The form of the axial anomaly in NC-QED is a naive deforma-
‘tion of the axial anomaly in ordinary QED.

e The gauge invariance is guaranteed by the integration.

10



Path integral method (Fujikawa’s method)

o Effective action

exp (T[] = [PuDJop (~S57) 8 = [diaid « My

= O =} @%@@ [d*z a(z) * @Em%v (z) exp(—557)

J DYDp(J - umoog@i

Higenfunctions of the Dirac operator
POoula) = hpnle) ,  Tel(a) * only) = 64z ~v)

J = exp “ﬁ f d*z o(z) * A®)(z) %

= 2 ﬁs s - @ @ — ) QbmmﬁmwBEmﬁa form)

The axial anomaly is derived by the following regularization,

A = lim 25750 exp, (= P+ PO) % () * ol o(2)

— H_. m&ﬁxﬂ
= %.@o (2m )t

exp, ﬁ —€ ﬂ (iky, + @.?J — i@twmu?v@v v v x 7Ty T g

Tr| v

2 e

1 0 [N () & FO ()

@i w re

e It agrees with the result of perturbative analysis.

e The calculation is a little simple in the present method.

11




Chiral gauge anomaly in NC gauge theory
| C. P. Martin (2000) (2001)
o Effective action

exp (— \ DyDrp exp A m‘?v v mo* \ dizi) « %? P

o mwm@s??o@@% of Hermitian operators

DN on = NP, @YD) 6 = N7
5 61(2) * pult) = S 6h(@) * ) = 8z — 1)
o Chiral gauge anomaly (the covariant form)

A = lim \%& Q * M P, e, Al € A%@v:%@vv

e—0

Pnf * ok +-

wwﬂw \&%HQ x Tr Ty, PO F, * Fyy

e The form of the chiral gauge anomalies are also a naive defor-
mation of the ordimaly chiral gauge anomalies.
o The conditions for anomaly cancellation are restricted more due
to the Moyal product.
Tre T,TyT. =0 (cf Tr T,{T;,T.} =0)
¢ Anomaly and non-planar diagram

B_E ﬁ

i % E‘A*XA %AMMVE@ o4 < b.ﬁwvtg Vv L
(g

wwmf i= Iﬁ&wh Q74 QS\ECL%
ity = —idas @ s oy )

Adjoint repr. ~Fundamental repr. x Anti-fundamental repr.
e Theories with adjoint chiral fermion are anomaly free.
= Non-planar diagrams do not contribute chiral gauge anomalies.

12



3-2
_..L) P&ES._. ﬁr_ﬁp_ Fermion

Chiral Q.Qﬁem M_.
C.P. Martin hep-th / 0008126

The classical action

S={da T Frlig¥+¥*P LA ¥),)

- §S AT
T SAMA

— AT (Y« T T ) (7P s

——
m—

oﬁlv 4 m..o;._.u

= — J_@h\,ﬂa*%a Ta) (YR as

ﬂr@ .iu ee - “_u@_f._,_. A_TSJD._.. ons

@3 o) E ) 4) 4)
M&&h@y .m. + Am. m, » V

| w%m_m@s@«
: IV c..  (#) Wl ) =) ()
;wwy i hon A w 1% V + < m VR 5N V

| planar
‘ G T_.v =) 1 (1)
g 4 y + A2 ATy

) o) nlu T..v A=) (=)
m. _,ﬂ( V+A v TN ,V

As  Gwrise from fields in the

Nown- _u_g;s_‘ contiributio

adjoint w«m__%mwmii_s However, we can check that
P> Ty (R R ?. - = P T RefaPy | 200 = 0

® ?&9.34 vepr. & Fundamental repr. ® Anti - fundamental repr.

Theories with only adjeint chiral fermiens are
anomaly frea |

. e



4 Conformal anomaly and [ function
o Dilatation (Weyl) transformation

W[ et = \% o(z) T ()
\ %&y\l@h

%.th\ @tvtlr fimkowiski metric
— Symmetric energy-momentum tensor —

T (z) = 2

TF,=0 < Invariant under the Weyl transformation
¢ Massless QED

TH,(z) (= myprp) =0
| Ecmb;cg corrections] g — g + afB(g)
<TH (x)>= m@ F (z)F*(z) %0  (B(g) : B-function)
o Weyl symmetry is broken by the quamtum corrections.
Conformal (Weyl) anomaly
o The S-function can be evaluated from the conformal anomaly.
Calculation of the conformal anomaly in ordinary QCD
by the path integral method
Fujikawa (1980) (1993)
o Badkground field method

[ 6B, =0 : backeround field
| ba, = @LE \ — 4] @y, A] : flactuating field

A, =B, +a,

— In order to define the functional integral, we perform the gauge
fixing (in the 't Hooft-Feynman gauge).

13



¢ Generating function at the one loop level
exp ( —1'[B] \ @%@%@@:@n@n exp (=S, 9, au ¢, )
Vel B . SR 4
”rwix&&%%@.fmmw\&%?ob DFe

,_,,.i ' jau DD =2 a'{ Fyy, o

]

al @NﬂtﬁnA Sﬁaa@vav@

——
Conformal anomaly

yexp| [d'z a(z)  Aw DYDY Da,DcDE

o Conformal anomaly in ordinary QCD ( SU(N) gauge group )

}E\ =My - .\Aﬁgimﬁ \ﬂuagmm + \»w%omﬁ Aﬁ\ f © the number of mmﬁé@

1 11 1
I N — = F, OFra
 (4m)? ﬁ 6 3" g #
B(9)/29*
¢ B-function |

3 , A
N g 11 2 v
Blg) = — —N — —ns

e [t is in agreement with the result of the perturbative analysis

at the one loop level.
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5 Conformal anomaly in NC gauge theories

— U(1) gauge theory — QED
o Gauge transformation da, = Bwv [BIA — i ay, A
— Naive deformation of the non-abelian gauge transtormation —

¢ Effective action
exp (—T'[B \ @ﬁ@%@mﬁ@m@n @%A ~Swlv, ¥, a,, ¢, QC
%E = \%& )« Pep 4 — 27 \%& C % @Eb@o
4 *) TV (% 75 .
mmw \& ?t + D¢ vb?vgt 24 a* * | Fmvﬁ a T*L

Contribution from the matter fields
Weyl transformation ¢¥(x) — mawggﬁi
— @ : An infinitesimal constant —

Eigenfunction of the Dirac operator

!*vﬁ%v Aaipnl)

o Jacobian = exp| & d'z AfFe ]

\.&ﬁw 3@%@; — W@@W\U\@% ( exp *A € % %&@v % ﬁa% v v * ﬁzm&.v
| d*
o 4 . . %a , —ik-x
= i [d's [ o e[ (0. (- ePrP) et et ]
e ﬂ \Ai@t Iy ?J, _ !_@. ‘vgﬁ?vﬁ.&.vvv

@}w
— The 5@%@%@@@ m%_ amd its @mz strength do not %@@5 on

ﬁ;
the momentum k.

= lim [d"z |

30

o Conformal amomaly
bt ,.\. 2 ,
\&@.& .\hsgim \m&\% ww E\A v *Nﬂt AHV




Contribution from the ghost fields
Weyl transformations  c(z) — e *%c(z)  &(z) — &(z)
¢ Eigenfunction of the differential operator

DYDYy Sn(x) = Np?S(z)

The covariant derivative

: Y /A Y &ﬁﬂ ik-z
D,uSux) = OpSplz) — i [Bu(x), Sn(z)], \awi D,[; k|Su(k)e

/1

B,(p)e™* (— w@v sin | M@tws\w v

It og@m%@ﬁ% to mﬂzggam Q@Bm&@im

&»
2m)t

o

— The background field depends on the momentum k.
o Jacobian  J{ = exp &ﬁ a | dtz AR a

%\\a

[d'z AGe* =2 lim [ d*e \

ml,..vé

@%‘Ai e(tky+Dy[; k])(2k"+D"[; k]) }

%

¢ The planmar sector

M\ dte 002 | A 24) sin Aﬁ 0"k v sin m@:%wq?v

2
@i&.@iv

g

=~

N . . wE

plamar - mon-plamar

o Conformal anomaly

\mﬁn \planar \&% Afﬁv AIW 8 wv NﬁE\A&v * Nﬂ_\:\ﬁ&v

i

«,ﬁﬁ,w@%gm_ﬁ A &V “
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Contribution from the fluctuating gauge field
Wey! transformation au(z) — e %au(z)
¢ FEigenfunction of the differential operator

DYDYV ofw) = 2] B, Vinla) J = NV ¥ala)
o Jacobian  J§¢ = exp | a s d*z AY ]
| d*z A
= — lim \ d*z \

e—>0

d*k
(2m)*

PP s e o (L
NHE\ASW \av = \. Awﬁwmwt;ﬁvm P Alwsv SN AM@\V%%%QV
¢ Confiormal anomaly |

[l qanige, 1 5 - S
&&ﬁq A () lytamar = \% (4m)? Aiw 8 MV Fpu(z) = F*(z)

Conformal amomialy in noncommutative QED

i gl wmalbers N w A h TIRY \
Joa g Ay L] A%E%A V__EN@@% \A,@ ” A&wmﬁﬁssﬁﬁ V

L —— x wv [ d'x F(z) « F*(z)

tr [expgy {—€ (8" (ik+D[; k])* — 2iF," (z; b)) }|

ﬁ“

o The usual product = The Moyal *-product
o The coefficient chamges.

tr(T,T,) =

Because of the U(1) gauge group
Because of the Moyal star product

N(= Co(G))dw & 4sin’(pufq,/2) =
tr(color) < \ %.H

%@& .%@& —
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@ function in @@%noggﬁgiﬁm QED

\&%R\wzﬁu @m_bA . \&p&mﬂ*v V*ENM\AHV

m
= B9 nvo_orp = — ——n
QQV__zQémb &iw A 3 — 3"
o It agrees with the result of the purturbative analysis at the one
loop level. M. Hayakawa (1999), et al.

— U(N) gauge theory — QCD
It is straightforward to modify the calculation to Vi

\ dis A (z) =

%@@mﬁ A&.v

_ _ w@&v %WHV.@A&V Aﬁ\@@u

%?3%.

F() « FL3Y(a

£

2G| [ 5 FL(w) « Flf(o)
tr(TeTs) = C(r)bap, facifoea = Co(G)dap
f function in noncommutative QCD

4
B0l we-—con = ~ 7 ( 5046 — gnsC) )

This is also coincident with the 8 function obtained from the per-
turbative analysis. V. V. Khoze, G. Travaglini (2000), et al.
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6 Summary

o We evaluated the conformal anomalies in noncommutative gauge

theories by path integral method (Fujikawa’s method)

val amomaly

#w §
- g (o)~ @) e rtr e,

(In NC-QED, C(r) =1 and @%Qv = w.v

Conformn

Jd's

— The local parameter o(z) in the Weyl transformation was made
a constant parameter.

— Only the planar contribution was investigated.

— The coefficient of this conformal anomaly is different from that
of the conformal anomaly in ordinary gauge theory.

3 function

g 22 4
ﬁmﬁ% =% @@z?@i@@b = |Q§.vw A Mx — WS% v

— "The @-%@%5@ is modified due to the Moyal *-pruduct.
(NC-QED)

B9lgen = 1.

— [t is consistent, with the result of the perturbative analysis.

future problemis
o Non-planar contribution to the conformal anomaly
e The conforimal anomaly under the local Weyl transformation

e Extension to supersymmetry
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